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THE STRENGTH OP SHELL BODIES - THEORY AND PRACTICE* 



By H • STbner 



The monocoque form of construction characterized by 
the fact that the skin is made as much as possible a 
stress-bearing member, has become increasingly popular, 
especially in the fuselages of the latest metal airplanes. 
It has introduced a number of new problems to the stress 
calculator and the designer.** The problems for the stress 
calculator fall into two groups: The determination of the 
stress condition (shell statics) and the determination of 
the failing strength (shell strength). A large part of 
these problems may, as a result of the research work of 
the last few years, be looked upon as being solved. The 
present report summarizes the most important theoretical 
rtnd experimental results on this subject, special atten- 
tion being given to the work done at the German Research 
Laboratory for Aeronautics (DVL). 

REPRODUCED BY 

NATIONAL TECHNICAL 
I. INTRODUCTION INFORMATION SERVICE 

U.S. DEPARTMENT OF COMMERCE 
SPRINGFIELD. VA. 22161 



Designs of Shell Bodies 



In order to gain a comprehensive concept of- the sys- 
tems discussed in the following, a survey is made of the 
various forms of construction of shell bodies as developed 
in Germany. The departures in the individual designs are 
less the result of differences of opinion as to what con- 
stitutes the best design from the point of view of strength 
and stiffness than the considerations of simple manufac- 
ture, upkeep, and repair possibilities; aside from that 
the design is governed by aerodynamic requirements, the 
necessity of cutaway sections, installations, etc. 

Most shell bodies consist of a structure of stiffen- 
ers and bulkheads to which the metal skin is riveted. The 
characteri stic • of the shell body is that the skin actually 

if 

*"Theorie und Versuche zur Festigkeit von S chal enrumpf en • 11 
Luf tfahrtf orschung, vol. 14, no* 3, March 20, 1937. 
** For a survey of these problems, see Luftwissen, December 
1935. 
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participates as much as possible in the stress hearing. 
This may he accomplished either with a skin thick enough 
hy itself for all stresses or with a correspondingly thin 
skin in conjunction with a system of stiffeners. Shell 
"bodies without stiffeners of any kind or such with hulk- 
heads only, are rare; such "bodies would have to he so de- 
signed that the skin does not buckle up to the failing 
load. Contrariwise, "body shells with stiffeners and hulk- 
heads may he designed with huckling-r esi stant skin or with 
a skin which "buckles before the failing load is reached. 
The suitability of either arrangement depends upon the 
circumferential loading defined hy the structural height, 
the loading of the body, and upon the curvature of the 
skin. 

A special case of shell body is that where only lon- 
gitudinal flanges at a few - four at the most - points 
provide for the longitudinal stresses, while the stiffen- 
ers in between serve only to reinforce the skin but not to 
take up stress. In that case the skin primarily serves 
to carry shear stresses. 

The following contains a brief outline of various 
German shell-design practices. Heinkel and Henschel em- 
ploy stiffeners and bulkheads of open Z-sections or .U- 
channels (figs. 1 and 2). The continuous stiffeners are 
fairly evenly distributed over the circumference in the 
central and rear portion of the body, but spaced somewhat 
closer in the zones of greater compression stresses. The 
bulkheads are joined to the inside edge of the stiffeners 
without touching the skin. In the forebody, where the 
bulkheads are necessary for the load introduction and the 
inside space must be utilized to the fullest advantage, 
the bulkheads rest on the skin (fig. 3). In view of the 
generally existing cutaway sections, the axial loads here 
are carried in four concentrated flanges; the intermediate 
stiffeners merely serve as reinforcement and are interrupt 
od at the bulkheads (fig- 4). 

Junkers follows the practice of stiffeners of closed 
D channels, set fairly close together (fig. 5). The bulk 
heads of high Z-sections are routed for the continuous 
stiffeners to which they are attached by half-round flange 
fittings. An example of a shell body with four reinforced 
stiffeners which extend forward into the four strong 
flanges of the center piece is represented in the Junkers 
body shown in figure 6. Here the Z-section bulkheads are 
interrupted to -oass the four heavier stiffeners and at- 
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tached to the others by small angle fittings joined at the 
wel)s. A shell "body "built "by Dornier is very similar. It 
has four continuous heavy longitudinal flanges of thick- 
walled T- sect ion, while the remaining tubular stiff eners 
are interrupted at the bulkheads touching the skin (fig. 
7). This body is contrary to orthodox practice, wider than 
it is high. 

The Bayerische Flug z eugwerke have developed a partic- 
ularly interesting type. The metal skin consists of sepa- 
rate panels bent on one end into a Z-section. These "bulk- 
heads" are routed to permit passage of the U-channel stiff- 
eners (fig. 8). These panels are first riveted together 
lengthwise and joined to the inserted stiffeners. Then 
the thus-obtained reinforced panels are joined together in 
the uppermost and lowermost part of the circumference to a 
wider stiffener which serves as butt covering. 

In one Arado shell body the skin consists of longitu- 
dinal panels, every second one of which is bent at both 
ends into f o m-stif f ener sections, in contradistinction 
to the Northrop method (reference 1), where each panel is 
tt3i£ld~ shaped at one end. 

II. DETERMINATION OF STRESS CONDITION 
1. System and Loading 

In order to grasp the most essential characteristics 
of the stress condition of shell bodies - whether theo- 
retically or experimentally - it first is necessary to sim- 
plify their system and loading. 

The designed shell bodies have, in general, a length 
which is a multiple of the sectional dimensions (l/h = 6 
to 9; in cross section they are usually of oval shape, 
widening out downward or upward, with a height slightly 
greater than the width. In many cases the section is el- 
liptic, or even round, as in some U.S. shell bodies. The 
body shell may be largely considered as being cylindrical 
or conical, because the usual body form tapers from an al- 
most cylindrical centerpiece very gradually toward the 
tip. For many fundamental studies the assumption of cir- 
cular cylinder is sufficient. 

On the basis of this outer form of the shell bodies, 
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it may be assumed that their stress condition on the whole 
is in agreement with the elementary ""beam" theory, which 
postulates a great length compared to cross-sectional di- 
mensions and a gradual change in cr o s s- s ec t i onnl form over 
the length. Another assumption of the elementary "beam 
theory is that the sections under load undergo no substan- 
tial form change - that is, possess the necessary trans- 
verse ( stiff nc s s , a condition likewise met by the shell 
body with sufficiently rigid and properly spaced bulk- 
heads* After all, it should be borne in mind as regards 
shell bodies, even with still unbuckled skin, that by vir- 
tue of its greater circumferential extent and lower trans- 
verse stiffness than on the usual beam, the actual stress 
condition departs to a greater extent from that of an 
ideal beam computed according to Javier's flexure theory 
or St. Vcnant-Bredt 's torsion theory. The disturbances 
are primarily due to the introduction of stresses not in 
accord with the beam theory and their directional changes 
at cutaway sections. Further disturbances arc set up by 
the restrained warping of sections under transverse load 
flexure and twisting. 

Other stress deflections are encountered on reinforced 
shell bodies with skin which is not buckling-r esi s t ant up 
to the failing load once the panels between the stiffeners 
have buckled under compression and shear. 

The stress in the shell body is the result of the air 
loads on the wings and tail applied at the points of at- 
tachment; further, of the propeller loads transmitted by 
the engine mount and the ground forces due to landing gear 
or float system and tail skid. These are supplemented in 
the attachment points by the mass forces necessary for 
equilibrium of the structural parts attached to the body. 
Lastly, there are active mass forces distributed over the 
body length but whose effect, compared to the other forces, 
is small and which may be allowed for an forces combined 
in several points. It is thus primarily a case of con- 
centrated loads which stress the shell body visualized as 
beam in bending and torsion. Bending of the end shell of 
the body is usually contingent upon a down load, and the 
torsion and lateral deflection on an eccentrically ap- 
plied side load. 
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2. Stress Condition of Unstiffencd Sfhin-ffallod Shells 



a) Elementary theory As basic of the subsequent ar- 
guments, we shall first investigate the stress condition 
of an unstif fenea thin-walled cylindrical shell under 
flexure and twist. The trail thickness s may vary over 
the circumference, although it is assumed to he small with 
respect to the transverse dimensions of the shell. There 
are no stiffenors for the present hut bulkheads spaced 
sufficiently close are assumed to preserve the cross-sec- 
tional for n • 

The classical theory of beam flexure established for 
the beam of solid cross section results in linearly dis- 
tributed tension stresses cr and derivated shear stresses 



?2 y + £y 2j j _ + Qz 3y 

J Z ' Jy J z b z Jy b y 



whereby : 



y, z are the respective distances of the relevant 
fibers from the orineipal axes of inertia. 
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In the application of the beam theory to thin-walled 
sections (fig. 9), it may be assumed that the tension and 
shear stresses are evenly distributed over the wall thick- 
ness s. Then the "shear flow" t = ts, according to ele- 
mentary theory of flexure is: 
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The inertia moments are 



J 7 = $ y 2 s du, J v = § z 2 s du 



and the static moments: 

S z . / y s du + S z (0) or S y = / Z s du + S y ( 0 ) 

o o 
Hereby u denotes the circumferential length measured 
from any zero point as far as the particular point. For 
closed symmetrical sections the choice of the points of 
symmetry as zero points is advisable, so that 

S z (°) and Sy(°) = 0 

otherwise, the constants S (°) and S must be deter- 

z ,y 

mined from the condition of torsion free "bending-: 

1 *• t 

/ ~ du or 4 du = 0 
sG sG 

To insure torsion-free "bending, the individual trans- 
verse loads must "be applied at the "shear cent er \ " whi ch 
for symmetrical sections lies on the axis of symmetry; for 
unsymmetr i cal sections its position must "be defined from 
the condition that the shear flows t y and t z must pos- 
sess no moment with respect to the shear center. 

Transverse loads applied outside of the shear center 
can "be represented by transverse loads in shear center and 
pure torsional moments M x on the longitudinal axis; they 
stress the cylinder in "bending and torsion. In torsion, 
St. Tenant ! s theory for solid sections affords, with unre- 
strained warping, a pure shear stress condition. For thin- 
walled closed sections a shear stress constant over the wall 
thickness may "be assumed. Then, according to Bredt, the uni- 
form shear flow for a twisting moment 
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and the enclosed surface P 0 is: 



T~ 

t~ = — s 
- 0 



and the torsional stiffness is: 



G- J 



* sG- 



The results obtained for cylinders from the elementary- 
theory of "bending and torsion can be applied with the same 
decree of approximation to tapered shells. Then it must 
be observed that in bending the maximum tension stresses 0" 
occur in sections perpendicular to the surface elements 
and have components in transverse load direction. The 
shear stresses t in these sections then have to carry 
only a chare Q of the transverse load Q. Then (fig. 
10) : 



y/i th 



a = 



B y 



cos a 



T S = 



QS 
J 



— x n 

q = ~ p -a - p, 



i x 



B = 4- P. 



(x-x 0 )-P 1 (x-x 1 )- 



X 



Here J and S denote the respective inertial and static 
moment, computed T/ith the smallest wall thickness s (in 
direction of the normals of the shell surface), a is the 
angle of the surface elements to the longitudinal axis, 



x , X- 

or lo ; 
p oint , 



x 



.. the respective distances of the section 
joints from the cone tip of the relevant section 



i ■ 



ft) Membrane shell theory.-* Substitution of the mem- 
brane shell theor;/- for the elementary beam theory affords 



* Instead of distances from cone tip the heights at the 
sectional or loading point can be introduced. See Wagner: 
Luf tf ahrtf orschung, vol. 13, no. 9, 1936, pp. 281-292. 
This also contains a detailed study of the bulkhead 
stresses. 
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a more accurate picture of the actual stress condition in 
thixwwalled transversely reinforced cylinders (reference 
2). The membrane theory stipulates, as is known, vanish-* 
ing flexural and torsional stiffness of shell surface, 
thus leaving only the "membrane stresses 11 a x , cr u and 

T constant over the wall thickness. The introduction of 
the external forces in cylindrical and tapered shells with 
transverse stiffeners ("bulkheads) is devoid of circumfer- 
ential stresses a u according to the membrane theory. In 

pure - i.e., shear-free "bending - of transversely rein- 
forced cylinders, the linear distribution of the tensile 
stresses with the condition of sections remaining undis- 
t or ted in its plane, is compatible with the membrane shell 
theory if the effect of the contraction in area is disre- 
garded. Under pure torsion through torque at the end bulk- 
heads, both theories give a pure shear stress condition if 
the sections remain unchanged across the length and left 
free to warp at the ends. In bending under transverse 
load and in torsion under torque on intermediate bulkheads 
themselves, the validity of the elementary beam theory is 
restricted to circular cylinders and circular cones of con- 
stant circumferential wall thickness. In shells of differ- 
ent section, restrained cross-sectional warping on the end 
bulkheads and loaded intermediate bulkheads, as well as 
points of abrupt sectional change, produce a disturbance 
in the elementary stress condition through self-stress 
conditions, which disappear quickly provided the bulkheads 
are rigid and closely spaced. 

The above arguments are applicable for an introduction 
of a force conformably to elementary theory. Under other 
application of axial loads, shear loads and torque - in the 
latter two only with elastic bulkheads - such cumulative 
stresses, which disappear more or less according to bulk- 
head design, occur even on the circular cylinder. Goodey 
(reference 3) has treated the cumulative stre.sses for the 
special case of cylindrical shell of constant section 
clamped at one end to resist warping, and stressed at the 
other end under torque. He stipulated either rigid bulk- 
heads in their plane at the ends alone or at infinitely 
close spacing. Wagner-Simon (reference 4) established a 
method for the determination of the cumulative stresses by 
the introduction of an axial load for the extreme case of 
the infinitely shear-resistant shell surface; again bulk- 
heads spaced infinitely close together but of finite stiff- 
ness are assumed. The special case- of the flat shell of 
rectangular section (box beam) had been treated earlier by 
Reissner (reference 5) for uniformly distributed torsion 



N.A* C. A. Technical Memorandum No, 838 



9 



load on the premises of infinitely close rigid partitions, 
and "by the author, for any torsional load with elastic 
partitions of finite spacing (reference 6). 

3. Stress Condition of Longitudinally Stiffened 

Shells Prior to Buckling of Skin 



a) E leme ntary theory,- A shell of wall thickness s 
with stiffeners of section F L and spacing b (fig* H) 
can, "by close stiffener spacing, he substituted by an un~ 
stiffened shell of mean wall thickness s m = s + F^/b 

whose median surface passes through the common center of 
gravity of the stiffeners and the adjacent skin strip. 
The mean wall thickness s m serves for the determination 
of axial stresses, longitudinal stiffness, and shear flow, 
the skin thickness s for the shear stresses and the shear 
stiffness of the unstiffened shell. For shell stiffeners 
of corrugated sheet with wall thickness s^ and length of 
corrugation b n , the mean wall thickness for the longitu- 
dinal direction is: s m = s + s w b w /b. But of the entire 
shear flow, the corrugated sheet takes up the share t w = 

t, leaving the share t% = — — - ~ r t for 

s b^ + s^ b * H a ^w + s w * 

the skin. As a result, the shear stiffness per unit length 
of the shell with corrugated sheet stiffeners increases to 
(s + s w b/l) w ) G, as against sG for the shell with indi- 
vidual stiffeners. Referring the shear stiffness to the 
mean wall thickness s m of the shell with corrugated sheet 
stiffeners, the reduced shear modulus: 

0 , . « * \ y >» , 

S + s w b w /b 



must he introduced. 

For wider spacing or different section Wj^ g of the 
m stiffeners (fig. 11), it is more appropriate to compute 
the surface moment of the skin and stiffener section with 
respect to the principal inertia axes of the total section 
separately, whereby the inertia moments of the stiffeners 
themselves, may be ignored. Then the surface moments of 
the total section become: 
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J z s f y 2 s du + £ f l i i 2 ( J y correspondingly) 

u 

S z = / y s du + | ? l i + -z^ (-y correspondingly) 

o 

S z ^°) again follows as for the unstiffened shell from the 

condition of torsion-free "bending and disappears if the 
zero point lies on an axis of symmetry. 

With heavy stiffeners, the individual stiff eners with 
the attached covering strip in their common center of grav- 
ity can "be visualized as "being concentrated in m indi- 
vidual longitudinal flanges. These have the section: 

F i = F L i + i (^i s i + s i+i^ # The forces in these 

flanges are now concentrated axial forces, while the inter- 
mediate skin panels serve to take up the shear stresses 
only. In "bending due to transverse loads as, say ahout 
axis z, the axial loads amount to: 

1 F • v • 

z _ i ^ i 

H - r f i n = e B z 

= t i+1 - % ± - g Q y 

t * i y i 

The constant shear flow "between the longitudinal flanges: 



and from 



*i+ i 3 5 % + * l 

Z p. V. 2 

If the section is symmetrical to axis y, it affords: 

1 9 L m 1 P m ym . 
tj, = 0 or t 1 = - t ra = g = 2 5 Q y 

| »i yi 2 

according to whether the first shear nencl or the m^^ 1 
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flange intersects the axis of symmetry (fig. 11). 

In the absence of symmetry t 1 must "be defined con- 
formably to the condition of -torsion-free "bending: 

m H hi 

1 Bi (xi 



In Dure torsion without restrained warping the shell 

h 



with stiifeners has the same shear flow t v = as the 



o 

unstif f ened shell; even the torsional stiffness is the 
same : 

4F Q 2 

G J T = ~du 
* sG 

In shells with corrugated sheet reinforcement the shear 
flow is distributed as described previously, over skin 
sheet and corrugated shoot; in the torsional stiffness the 
greater shear stiffness G ( s + s^ b/ls^) replaces Gs. 

*b ) Statically indeterminate theory .- Just as the mem- 
brane- shell theory affords the departures in stress con- 
ditions from the elementary theory for the lengthwise un- 
stlffened shell, so the same discrepancies for the stiff- 
ened shell can be analyzed by a statically indeterminate 
calculation of the simplified system with concentrated 
longitudinal flanges and pure shear panels (fig. 11). 
(Compare the report (reference 6) which treats the special 
case of "shell" with four longitudinal flanges and plane 
shear panels under torsion.) Having a shell with m lon- 
gitudinal flanges and stiffened at the ends by (n - 1) 
intermediate bulkheads this system can be divided at the 
intermediate bulkheads into n cells joined together by 
m longitudinal anchorages each (fig. 12). Of these, three 
are statically necessary on each bulkhead; that is, the 
redundant anchorages (n - 1) make the system (m - 3) 
times statically indeterminate. Clamping the shell at one 
end adds another (m - 3) statically indeterminate. 

The mathematical treatment is as follows: Select as 
statical indeterminate between each two cells (m - 3) 
groups of axial loads in themselves in equilibrium, such 
as the tension: in each one of the redundant longitudinal 
anchorages and their count erf or ce s in the three statically 
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necessary longitudinal anchorages, for example. Instead 
of those force groups Z Xl X 2 •••• x m-3> linear combina- 
tions of those can "be introduced as statically indetermi- 
nate. (See fig« 12, for example,) 

X a = a x X 1 + a 2 X 2 ...... + a m— 3 x m~ 3 

x b " Pi x i + $2 X 2 •••••• + Pm-3 x m- 3 

x c = Y i x i + Y 2 X 2 •••••• + Y m- 3 x m- 3 

etc- 

But these groups of axial loads must not he linearly re- 
lated; the requisite and sufficing condition is that the 
determinant of the factors a, P, Y «... does not disap- 
pear. 

Each axial load group X stresses only the two ad- 
jacent colls, producing axial loads diminishing linearly 
to zero in the longitudinal flanges and constant shear 
flow in the intermediate panels. These are supplemented 
by tensile stresses, "bending moments, or plane stress con- 
ditions in the directly loaded, as well as in the two ad- 
jacent bulkheads, depending upon the design of the bulk- 
heads as truss, frame, or solid wall* For the axial loads 
and shear flows due to the external loading, a possible 
equilibrium condition, such as that from elementary theory, 
for instance, is introduced. From the condition that in 
the final system the longitudinal displacements (warping) 
of consecutive cells must agree on every bulkhead, a system 
of linear elasticity equations: 

8 a, X a + 5 ab X b + § ac X c + 6 a,o = 0 



6 a* X a + H% X b + 8 bc X c + •••• 6 b,o = 0 
S ac X a + 8 bc X b * 6 cc X c + •••• 6 c,o = °^ 
is obtained for the statically indeterminate X. 



The factors 6 ik and 84 Q denote groups of longi- 
tudinal displacements of a statically determinate main 
system as a respective result of the axial load groups 
X = 1, or to the external load, and can be obtained from 
simple integrations or summations; the equations are solved 
by one of the known methods. The execution of the static- 
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ally indeterminate calculation for irregular systems with 
a large number of longitudinal flanges or "bulkheads is te- 
dious; "but since stiffened shell "bodies usually are symmet- 
rical with respect to the normal or to the lateral axis, a 
proper choice of the statical indet erminat es affords far- 
reaching simplifications. 

On stiffened shells of simple symmetrical section the 
(m - 3) statical indet erminat es, occurring on each interme- 
diate bulkhead or at the fixation, can "be formed from 

^ and or f r0 m each of symmetrical and 

2 2 2 

anti symme tr i cal groups of axial loads, depending on whether 
the number of flanges is even or uneven. Likewise, the ex- 
ternal load can "be divided into symmetrical and antisym- 
metrical parts. The symmetrical and an t i symmetr i cal load 
groups do not affect each other; i.e., the system of elas- 
ticity equations reduces to two unrelated partial systems 
having solutions only for the symmetrical or antisymnet- 
rical load, respectively. Besides, the statically inde- 
terminate axial-load groups can "be so pored and arranged 
that consistently smaller zones contain groups of partial 
forces which of themselves are in equilibrium. Then the 
elastic influence range of the load groups themselves must 
"become consistently smaller "by rising order, according to 
the St. V en ant principle. The statical indet ermin at e s of 
higher order can therefore he disregarded. In the case of 
m = 6 of figure 12, for example, the third group X c is 
of higher order, since four partial forces in the zone of 
half the circumference arc already in equilibr ium. 

By cyclic symmetry of the system the axial-load groups 
can "be foamed so that the part loads of the individual ax- 
ial-load groups act like the ordinates measured at the 
flanges of the sine and cosine lines over the circumfer- 
ence with 2, 3, 4, ... waves. This leaves only the conju- 
gated symmetrical and an t i symmetri cal axial-lorad groups at 
the adjacent frames related to each other; and the equa- 
tion system reduces to (m - 3) independent ?- or 5-term 
partial systems, according to whether the "bulkheads in 
their plane are assumed to "be rigid or elastic. Applica- 
tion of the external loads in the distribution conformable 
to elementary theory produces no statical indeterminate 
if the symmetry is cyclic. Application of these assumed 
loads in inverse direction, establishes their equilibrium 
with the actual external loads. Dividing these equilibrium 
groups in corresponding groups like the statically indeter- 
minate axial-load groups, each will create only the conju- 
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gated statically indeterminate group of axial loads.* 

By finite number of flanges m, division of the equa- 
tion system in (m - 3) unrelated partial systems is al- 
ready insured "by a finite number (<m - 8) of symmetry 
axes; for example, "by m = 6 in figure 12, doubled symme- 
try is sufficient. Insufficient symmetry is usually ac- 
companied by mutual interference due to the axial-load 
groups of higher order which, for the reasons cited a*bove, 
may be neglected. 

So, provided the systems of st if f encd- shell bodies 
are not seriously un symmet r i cal and the suggestion as to 
choice and arrangement of the statically indeterminate 
systems is followed, it suffices to set up and solve the 
cir cumf erent ially unrelated 3- and 5-term equation systems 
for the conjugated axial-load groups X. In addition, 
with increasing order the calculation can he restricted to 
consistently smaller longitudinal zones and finally omitted 
altogether. Tor equal or similarly dimensioned cells, the 
3- and 5-term systems of equations represent differential 
equations of the second and fourth order with constant 
factors from which closed solutions are obtained for the 
statical indet erminates. And the solutions can be further 
simplified by the frequently permissible assumption of very 
many cells or infinitely close-spaced bulkheads, where the 
difference equations become the relevant differential equa- 
tions* 

4 # Critical Stress Condition of Stiffened and 
Unstiffened Shells 



a ) Bending (compression) of __un stiff en ed_ cylinder . - 
When stressing a thin-walled cylinder in bending or eccen- 
tric compression the shell usually fails under a certain 
"critical 11 stress condition through secondary or local 
bulging in the compression zone. This local bulging hinges 
chief ly on the amount of compressive stress and curvature 



*This method corresponds to that suggested by Southwell for 
the calculation of cyclic symmetri cal- space frameworks, in 
which the joint di sulac emen t s pre built up from character- 
istic solutions of the correlated partial-difference equa- 
tion and the given external loads or displacements are de- 
composed in these characteristic solutions. (See R. & M. 
No/ 1573, British A.R.C., 1935.) 
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existing at that point; the stresses and curvatures in 
more distant zones are not as effective* It is therefore 
very natural to assess the stability of any cylinder in 
"bending from the stability of a circular cylinder in pure 
axial compression, wherein the uniform compressive stress 
and curvature of this circular cylinder corresponds to the 
bending-compression stress and curvature of the relevant 
cylinder at the most unfavorable spot; for variable radius 
of curvature r and variable compressive stress O" this 
is determined from the condition a r = max. This method 
leaves one, in any case, on the safe side. According to 
various calculations for circular cylinders by Flugge 
(reference 7), the critical compressive stress in pure 
bending may exceed that in piire compression by 30 percent. 

A circular cylinder stressed under pure axial com- 
pression is theoretically at its limit of stability if the 
compressive stress in the elastic range reaches the crit- 
ical value: 

cr s 1 * 0.6 E - (for V = 0.3) 

yi (i : v 2 ) r 

This value unrelated to shell length retains its va- 
lidity only so long as several longitudinal waves can form. 
For very short cylinders of length 




r 2 s 2 



12 (1 - v ) 



= 1.72/ 



r s 



lr is: 



JS tt2_ 
°" k = 12 (1 - V s ) H 

that is, the Euler stress for a strip of length I. In 
very long cylinders (pipes) the Euler stress 



E tt 2 /rf 



causes a sidewise bulging of the entire shell. When the 
critical stresses lie in the superelastic range, E is re- 
placed by a reduced modulus (reference 8). 

That the theoretical value of the bulging stress 
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CTjj. « 0.6 S - is never reached, has "been proved in a mul- 
titude of experiments; the latter disclose figures from 
30 to 60 percent lower. These discrepancies . ar e mainly 
attributable to the unavoidable divergence of the thin- 
Trailed shell from its exact geometrical form. The effect 
of such preliminary bttlging has "been investigated by Don- 
nell (reference 9). On the assumption that the failure of 
the shell wall stressed in compression and "bending is con- 



tingent upon reaching the yield point 
the critical stress of 



he .arrived at 



- 7 



d k =0.6 



1 ~ 1.7 x 10 

1 + 0.004 f- 



(f 



or 



= 0, 



s 
r 



1 - 1.7 x 10 



~7 



for duralumin with 
23 to 30 kg/ mm 2 . 



= 7,000 to 7,500 kg/mm 2 and a s = 



The values computed "by this formula are in good agree- 
ment with experimental values throughout the range of 

500 to 1,500. 



r „ 



b ) Beading; { conpr ession ) of st i ffened cylinder *- In a 
cylindrical shell consisting of stiff eners and bulkheads 
stressed in Deriding, the curved panels in the compressive 
zone between the stiffenors may "bulge. And to these "par- 
tial shells" or "panels" the same assumption of uniform 
cor.ror e s si ve stress and curvature "between the stiffeners is 
applicable. For the case of freely rotatory supported 
edges- and an arc length of the loanel of 



>2 «2 



12 (1 - v 2 ) 



i.44 yr s 



Timoshenko (reference 10) obtained the critical compressive 
stress of 



a k 



S 



J 3 (1 - v 2 ) 



2T r 
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that is, the same value as for the full shell which, here- 
after, is designated with a R . 

For smaller arc lengths, it is: 

E tt 8 /s\ 2 _E__ /b\ 2 
^ 3 (1 - u 2 ) W + 4tt 2 W 

The first summand denotes the "buckling stress dp of 
the flat plate of width "b linked at the edges; the sec- 
ond summand can "be expressed with rrp and the value Or 

related to the curvature radius. Then the critical com- 
pressive stress of the curved panel assumes the form of 

(Jp 2 

or 

a k = a R 11 a a £ 2 a P 



Evolved on somewhat different limiting conditions, 
Redshaw (reference 11) derived the critical compressive 
stress as: 




For the respective limiting cases of full shell and 
flat plate, "both formulas give the same limiting values 

and Opt In the entire intermediate range, Timoshenko 

values are smaller than those of Redshaw; the greatest 
difference at <jr g 2ap amounts to about 20 percent. For 

a partial shell or panel with rigidly clamped sides the 
actual values of the critical compressive stress probably 
lie between the two values* For rigid or elastically 
clamped edges the buckling stress of the relevant plate 
substitutes for Op* The effect of preliminary bulging 
can "be allowed for in "both formulas by expressing a R 
with a value of a R =0.2 to 0.4 E | diminished accord- 
ing to the ratio r/ s instead of with the full theoret- 
ical value. 

Before the curved panels of a stiffened shell bulge 
between the stiff eaers, the shell itself may buckle as a 
whole or over a large portion as, for example, between two 
stiff bulkheads (fig. 13). Just as in the stress analysis 
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the longitudinal stiffness of the stiffeners was uniformly- 
graded over the circumference, so the stability investiga- 
tion can "be effected on the "basis of "bending and torsional 
stiffness of the stiffener and "bulkhead sections uniformly 
distributed over the circumference and the length. Owing 
to the unlike stiffness of the shell surface in longitudi- 
nal and transverse direction, it then constitutes a case 
of orthogonally anisotropic cylinder or panel. And the 
stability of the orthotropic cylinder itself in bending 
can be ascertained from the stability of a corresponding 
circular cylinder under pure axial compression. Von Dschou 
(reference 12) has treated this case on the basis of 
Plugged buckling determinant. Neglecting the torsional 
stiffness, he respectively obtained - for the full cylin- 
der and a curved sheet of sufficient length and width to 
allow several bulges cir cumf erenti ally and longitudinally — 
as smallest possible critical compressive stress: 




Hereby s x and s u and 3J X and E J u , respectively, are 

the sections distributed over the circumference and the 
length, and the bending stiffnesses per unit length* For 
the respective special cases of stiffeners alone or of 
bulkheads alone, it is: 



and 




with o*ti again as the critical compressive stress of the 
un stiffened cylinder. 

On short shells several bulges may form but only cir- 
cumf erentially . For a short shell, only longitudinally 
stiffened (fig* 13) as, for example, in the compression 
zone of a stiffened shell body between two bulkheads, it 
i s : 

a k = a E * a R J s / s x 
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E TT 2 J 

Here crjj 78"* is the Euler stress of the stiffened 

s x I 

strip of length I. For a short shell with bulkheads on- 
ly, it is : 

where cjt? a ~ — f—y is the Euler stress of the 

* 12 (1 - v 2 ) vl' 
unstiffened strip of length I. For a long hut narrow 
shell of width b stiffened longitudinally or transverse- 
ly, in which only several longitudinal bulges occur, and 
if the longitudinal walls are pin-jointed, it gives: 



Herein 



s x b 



j u 



is the critical compressive stress of the equally stiff- 
ened flat plate with disregarded torsional stiffness. 

From the above formulas by Dschou, it follows that a 
stiffened shell of proper length and width is not substan- 
tially more resistant to buckling than an unstiffened shell 
unless it is stiffened in both directions. If the stiff- 
ened snell is short, longitudinal stiffeners by themselves 
give the shell substantially more resistance to buckling, 
while bulkheads alone avail little. A shell must be long 
and narrow to insure the same increase in buckling stiff- 
ness with bulkheads as with stiffeners. The validity of 
the quoted buckling stresses (j^. is, however, predicated 
on the absence of local bulges in the reinforcements and 
panels. Appearance of the stress cr R in the formula 
makes the inclusion of the preliminary bulging effect nec- 
e s sary . 

An entirely different kind of stability failure may 
occur in a long, not unduly thin-walled cylinder without 
bulkheads when in bending the sections flatten out and the 
entire shell finally collapses. This case has been stud- 
ied for the first time by Brazier, as applied to the iso- 
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tropic circular cylinder, and subsequently, by Heck (ref- 
erence 13) to the orthogonally anirotropic elliptic shell* 
The critical stress of the longitudinally stiffened shell 



in the extreme fiber 



according to Heel:: 



S 



°k - IB -> 




in the elastic r an g e , 



k is approximately equal to 0.3 for the circular 
cylinder and also for slightly elliptic cylinders. The 
formula resembles Dschou's buckling formula for the stiff- 
ened circular cylinder, frith the exception of the numeri- 
cal factor , which is only about half as great. With the 
necessary reduction of the previously obtained theoretical 
values as a result of the preliminary bulging effect, the 
value from the last theory is in good agreement with test 
data. Usually, however, the failure is a local stability 
failure rather than a collapse because of the generally 
employ ed bulkheads • 

c ) Torsion (shear) and combined stre s s__lconrpr es sipn 
a nd s h ear ) . ~ The critical shear stress of an unstiffened 
circular cylinder in torsion can be expressed by Donell ! s 
(literature quoted in reference 14), which for thin-walled 



(X ft \ 

shells of finite length !~ < 6.5 J -j 



freely sivotd o r t e d edges, 



g i v e s : 



with v = 0 # 3 and 



TV = 0.815 E 



/ x 1 /2 / \5/ 
(*) (*) 

^l' ^r' 



For very long cylinders (pipes) with V - 0.3, it is: 

,3/2 



Tv = 0.29 



E (*) ' 
\r> 



Schverin^C) formula for the critical twisting stress of in- 
finitely long circular cylinders is similar, but his numer- 
ical factor is only 0.25. The theoretical values ^ k 

must again be reduced 60 to 80 percent to allow *o r the 
preliminary bulging cf f cct . 

Shorter, unstiffened circular cylinders- (~ < 5^ may 



N.A.C.A. Technical Memorandum No. 338 



21 



"be treated by Ballerstedt and Wagner's formula (reference 
15): 



T k = Oil B M + i (3. J 
* r \l / 

For freely supported sides use k = 5.0; for clamped sides, 
k - 9.1. For vanishing curvature, the formulas give approx- 
imately the critical shear stress of the freely supported 
and damped flat strip of infinite length (k = 4.85 and 
k = 8*15, respectively). The formula was confirmed by 
Ballerstedt and Wagner on circular cylinders of | * 250 to 

4,000, and - = 0.25 to 2.0 as well as "by Lundquist f s ex- 

periments (reference 16), in the range of - = 340 to 1,400 

7 s 
and * a 0.2 to 5.0. 

The panels of width b in a stiffened cylinder can 
again "bulge between the stiffeners under twisting stress. 
This case has not been theoretically explored heretofore, 
although Timoshenko's or Redshaw's formulas for the curved 
panel under compression may be employed for the critical 



snear stresses: 



t 2 
T R 



and 



or 



T k = T P + j- T - for T R S ITj 

" p 



T k = t r for t r ^ 2T 



T k 



Herein T R is the buckling stress of the unstiffened full 

shell, according to one of the cited formulae and Tp = 

/ \a 

4.85 and 8.15 S ( ■* J , r esDecti vely ; the critical shear 

stress for the freely supported and the clamped strip. 
The thus-computed critical shear stresses are in satisfac- 
tory agreement with experimental data. The dimensions of 

the three circular cylinders in the EVL tests were: £ = 

b 7 s 

600, 800, 1,000; * = 150, -1-00, 350; ^ = 5.0. Timcshenko's 

values were on an average 10 percent lower, and Redshaw's 
figures about 10 percent higher than the experimental val- 
ues* The buckling stress t r was expressed by Ballerstedt 
and Wagner *s value. 
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Under "bending with transverse load as well as combined 
"bending and torsion, the panels manifest axial stresses due 
to bending superposed by shear stresses due to transverse 
load and torsion (fig. 13). The relevant critical compres- 

t^. which induce fail* 

from 



sive and shearing 
ure if concurrent 



;t re 
may 



5 s e s cr^- and 
be determined 



T k,c/ a k,o 



wher e 



and 



signify the critical stress in pure 



com-oression and pure shear, respectively. The exponent n 
is n a 2, according to Ballerstedt and Wagner, and n fa 
3, according to U.S. experiments ([reference 16). Under 
superposed tensile and shearing stresses it is, according 
to Ballerst edt-Wagner (reference 17): 



T fc,o 



. x + i J5L 



2 GTi 



k„o 



5. Stress Condition of Stiffened Shells 
after Bulging of Skin 



a) Flat panel in compression^ Bulging of the panels 
between the stiff eners as a result of compression or shear 
load does not, however, exhaust the load capacity of the 
stiffened shell under bending or torsion. The stiff eners, 
and to a certain extent the buckled panels themselves, re- 
main capable of supporting additional compressive loads; 
likewise, the panels, acting as diagonal tension fields 
can, in conjunction with the stiffeners, transmit further 
shear loads. Permanent deformations of the bulged panels 
after abatement of the load, is usually not to be feared 
in the thin-walled metal designs of aircraft, because the 
panels usually bulge far below the elastic limit and would 
require more substantial bending stresses before that lim- 
it is exceeded. 'This explains the importance attaching to 
the stress condition of shell bodies after bulging of the 
metal skin. 

Take the simplest case of flat panel under pure com- 
pression after bulging; the -ides of the panel bounded by 
the stiffeners are to remain straight under the load. 
Further compression of such a sheet after bulging causes 



N.A.C.A. Technical Memorandum No, 838 



23 



the mean longitudinal fibers to deflect more than the out- 
er fibers, and so avoid any subsequent stress absorption 
because their contraction does not follow as elastic crush- 
ing but as geometrical contraction of the chord with re- 
spect to the arc. So, under increasing load, the compres- 
sive, stress in the center remains almost the same as at 
bulging, while manifesting a marked rise toward the sides 
(fig. 14) # The same holds true in transverse direction 
of the sheet. Owing to this, the sides would give inward- 
ly in the middle if the stiffencrs or the adjacent sheet 
panels did not prevent that. This constraint produces 
stresses in transverse direction which with nonshifting 
sides form a resultant transverse tension. The thus cre- 
ated stress condition was deduced by Marguerre and Trefftz 
(reference 18) from the theory of plates with "great" de- 
flection on the basis of the bulge form shortly after 
bulging. Marguerre (reference 19) then extended the study 
to bulge forms encountered in shell bodies after consid- 
erably exceeded buckling load. 

For the practical calculation, the concept of "appar- 
ent" or "effective" width is very expedient. Visualize at 
the edge, stiffencrs fully supporting sheet strips of such 
width that they carry the same load as the whole sheet 
panel. With = stress in edge stiffencrs, and o" m = 

mean stress of the whole sheet panel of width b, the ap- 
parent width is defined by (fig. 14): 



An estimate of the apparent width which lies on the 
safe side can be obtained, according to von Karman , in t 
following manner: The load capacity of a plate of width 
b and thickness s is - if its buckling stress CT k is 
considered as stress limit - 



Herein k denotes a numerical factor depending on the 
edge support and the aspect ratio. Conformably to this 
formula, the plate carries so much more as its width is 
less. On the other hand, there is a limit to which the 
width may be reduced; that is, the buckling stress may not 
exceed the critical compressive stress a L of the edge 



+ b/2 





s b = k E ~ 
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sections nor the yield point. Karnan then assumes that 
the plate, ttidth "b, stressed "beyond its "buckling limit, 
has at least the same load capacity as a narrower plate 



of width "b 



m ' 



whose "buckling stress c 



equal to the limiting stress 



k , m 



0"t 



E ( 



\lo n J 



= 0". 



is precisely 



Therefrom follows the 11 ar)"oar ent 11 width at 



kE 

s 



3S D 



oTt. 



For the plate hinged at the sides, it is: 



b n a 1.9 



and the mean stress "becomes: 



a k a L 



The formula for "b 



m 



or 



m 



can equally well "be en- 
in the stiffeners 



ployed to compute the stresses cTt > a- 
of section "by given compression load P. One may 

estimate cr T first, and then check whether or not the 
stress 



defined with the values 



'm 



or 



or, 



m 



corresponds to the 



first assumption. If not, then the rapidly convergent 
process is repeated. 

Evolved on a simplifying assumption for the stress 
condition (o\- — i — 0), which is, however, as treated in 

detail in Marguerre's report, precarious - especially, in 
view of the noncompliance of the sides to remain straight 
Cox obtained as share of the apparent width: 
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His findings for freely supported sides are: a = 0.80 
and 3 a 0,09, for clamped sides; a = 0,82 and 3 = 
0.14, Adapting the coefficients to the more accurate re-* 
suits of Marguorre, it is "better to put a = 0.81 and 
P = 0.19 for freely supported sides which, even in the 
limiting case cr^ = CTj, gives the correct value b m = b. 
Margucrre suggests a very simple approximate formula, 
which is in good agreement with the exact results: 




Figure 15 is a comparison of the apparent widths ver- 
sus cr^/ cr^. , according to various theories and formulas, 

including the experimental values obtained "by Lahde and 
Wagner (reference 20). The curve, conformable to Mar- 
guerre ! s approximate formula, is in satisfactory accord 
with the test points, whereas the curve according to 
Karman r s formula, gives throughout, too small values. The 
theoretical curve according to Tr ef f ttz-Marguer r e , and cor- 
respondingly, the curve according to Cox T s improved for- 
mula, are in good agreement with the experiments so far as 
the buckling load is not too much exceeded; if exceeded 
very much, the values are too great. This is due to the 
fact that the buckling form serving as basis of the theory, 
does not resemble accurately enough the actual buckling 
form incurred under greatly exceeded buckling load. 

b ) Cur v e d__p an e 1 _u n d e r ___c o msression . - Theoretical invest- 
igations concerning the apparent width of curved panels 
buckled in compression are as yet lacking. Newell (ref- 
erence 21) made some experiments with unstiffened curved 
sheets, whose sides were carried in V-shaped grooves which 
allowed tangential - but no radial - shifting of the sides 
in circumferential direction. But such an arrangement 
carries little resemblance to the actual conditions of a 
curved panel between two stiffeners of a shell body. 

An estimate of the load capacity and of the apparent 
width of a curved panel can be obtained as follows: If 
the sheet is curved, the curvature itself affords an addi- 
tional load capacity which is not dependent on the stiffen- 
er spacing. The load that a sheet can carry because of 
its curvature, is: 



P R = cr R b s, with <t r « 0.3 E - 
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Then the portion between the stiff eners supported as "plate 
needs to carry only the difference between the total panel 
load and the curvature share P R . Then as edge stress of 

this plate the difference ( 0"- - 0* ) is in force rather 

than the stiff ener stress Or . The ar>"oarent width of the 

Li — 

curved sheet is expressed with "b m to differentiate it 

from that of the flat sheet h m and the difference 

( Ol ~ Or) substitutes for cr^ and the "buckling stress 

Op of the flat plate of width h for 0" L . Then the load 

capacity of the sheet "by virtue of its plate effect "becomes 

p p = (cr L ^ cr R ) s h m 
and the total load capacity of the curved panel is: 
P R * P P = a R s o + (a L - s h m = a L s h m 

Therefrom follows the a-o-oarent width of the curved sheet 
at 

wherein, if the apparent width of the flat sheet freely 
supported at the sides is computed, say, according to 
Mar guerre, we must introdtice: 



"b m ~ / ~ h with aw 8 3#6 1 - 



\ 



The validity of the formula for "b^ was checked "by 
the DVL in a series of tests on reinforced panels (fig* 16) 
divided "by stiff oners, into several (3 to 5) curved sheets, 
the two ends "being holtcd to angle sections as shown in the 
figure* The panels were compressed "between parallel plates 
in a 20— ton hydraulic press. The tests were made with 
curved sheets of different curvature and thickness (r/ s = 
500, 300, 1,000, 2,000, oo ) and different stiffener sections 
The dimensions of the individual panels may "be seen in fig- 
ures 17 and 18. 

The test stations at which the measurements were made 
and the mean compressive stress values Qr computed, are 
shown in figures 17 and 18. Based upon these measurements, 
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the apparent width was then obtained in the following man- 
ner: The total load capacity of the stiffeners with to- 
tal section ZF L is: P L = EF^ • The difference "be- 
tween the total applied load P and the load capacity 
Pjj then represents the load of the n skin panels alone: 

P H = P - P^ = n s h n CTr, from which the apparent width at 
each stiffener then follows at: 

j = p ~ a L 2 *t 

m n s rr^ 



Figures 17 and 18 give the experimental apparent widths 
versus mean profile stress. The curves of the apparent 
width of the curved sheet as derived from the previous for- 
mula, are also shown "by comparison. The apparent width 
h m of the panels with open channel stiffeners was comput- 
ed with 



^ m = 1.63 / s + 0.14 h 



and for those with closed stiffeners corresponding to the 
stronger fixity of the panels, with 



^ = 2.15 /■— — s + 0.14 (h - e) 

v L "~" R 

Herein *b denotes the spacing of the pr of ile s__and e the 
spacing of the two rivet rows. The computed "b m is count- 
ed outward from the rivet rows. In panels with closed 
channel stiffeners the sheet "between the rivet rows is fig- 
ured as "being fully supporting. The curvature stress was 
written in at cr^ = 0.3 E ~; the elastic modulus at E = 

740,000 kg/ cm 2 for duralumin. 

The comparison of the test values with those from the 
proposed formula discloses for the greatly curved sheets 
(r = 200 mm) a good agreement at the "beginning; while for 
the shallow curvature of shells with open sections, the 
computed values are slightly higher than the experimental 
values; in shells with closed sections it is the opposite, 
prohahly owing to the "better support of the sheet panels 
with the closed sections. Every experimental curve of the 
shell of 0.4 mm thickness, reveals in the vicinity of 



28 



1T.A.C.A. Technical Memorandum "No . 838 



r L - 1,000 kg/ cm 2 - on the open sections a little "before, 
on the closed one a little behind - a distinct break. 
This is the point where the buckling stress of the sheet 
between the rivets spaced at t = 20 mm is reached. For 
full fixation, this amounts to 

* - f r f„-a- (fJ - 1 - 070 "*«* 

From here on there is no substantial increase in load 
capacity of the skin Pg = OF* t s; that is, the apparent 

widths lolotted against cr^ resemble equilateral hyperbo- 
las. The panel of 0.5 mm thickness, reveals no break at 
<T L - = - 1,000 kg/ cm 2 , but evinces at <T L = 1,500 kg/cm 2 

(i.e., buckling stress of sheet of 0.5 mm thickness) a 
marked departure from the theoretical curve. 

Summed up, the given formula for assessing the appar- 
ent width in shells of curved sheet is practical so long- 
as the sheet is not buckled between the rivets; for shells 
with open sections the values being a little too high, for 
those with closed sections a little too low. In this range 
the apparent width is substantially enhanced by the curva- 
ture, as seen on comparison with the flat sheet curves of 
figures 17 and 18. Following the buckling of the sheet be- 
tween the rivets, however, the apparent width of the curved 
sheet diminishes much faster than the theoretical curves 
indicate, and drops in proximity of the failing condition 
to approximately the value of the flat sheet (fig. 40). 
Further data on the effect of rivet spacing in its rela- 
tion to the load capacity of stiffened shells will be 
found in an article by Kromm (reference 22). 

c ) S t i f f en e d_jf ul 1_ sh e 1 l_wi th_buckl e d_^n el s_u^ der 
pure bending.- On knowing the stress condition of the 
curved panel buckled in compression, the stress condition 
of the stiffened full shell^with panels buckled in pure 
bending can then be ascertained. We first determine the 
rectilinear stress condition <7 0 on the assumption of 
fully supporting skin In the compression zone; then ascer- 
tain with" one of the formulas cited in section 4a, which 
panels in the compression zone buckle, and then compute on 
the stiff eners the apparent widths "b m x of the "buckled 
panels from one of the previously cited formulas by intro- 
ducing the stresses r T n for fully supporting skin in 

L | 0 

the first calculation process. The result is a new cross 
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section only partially supporting in the compression zone, 
from whose inertia moment referred to the new zero line 

follows an improved straight stress condition (J x . This 
then gives more exact values t> m 5 2 and J 2 for the ap- 
parent widths and the inertia moment from which a further 
improved stress condition a 2 can he obtained, etc* In 

general, however, the stresses a 2 themselves, diverge so 
little from a x , that one or, at the most two, calcula- 
tion processes are sufficient. A simplerbut somewhat less 
accurate method is to define the new stresses c "j J x ®L 2 • 
etc*, directly from the stresses q of the fully sup- 

porting cross section and the apparent widths , i » ^m,2' 
etc* : 

F L + h s F L + b s 

<j = — (j T n , Ct o = « ; °t n etc. 

11,1 L + S ' ' F L + b m, 2 3 L '° 

It eliminates the tedious second determination of the 
zero line and of the inertia moment, although leaves the 
stress distribution in the compression zone no longer rec- 
tilinear. 

To check the proposed calculation method, we made some 
stress measurements on different stiffened circular cylin- 
ders under pure bending. The loading arrangement is seen 
in figure 19. The ends of the cylinder are reinforced by 
heavy steel rings to prevent local overstresses under load 
applications. It is secured on one end to an iron frame 
while the load is applied at the other through a couple of 
horizontally acting forces. This horizontal couple is the 
counter effect of a vertical couple formed by the tension 
of a hand winch and its counterforce on a lengthwise slid- 
ing roller bearing. The cylinder in figure 19 is of 0*4 
mm wall thickness and 400 mm curvature radius and rein- 
forced by 18 Z-section stiffeners (fig. 20). The ring 
frames, also of Z-sections, are spaced 360 mm apart and 
attached to the inside edge of the stiffeners. The stress- 
es were measured in a mean section on every stiffencr at 
three stations each (fig. 20) at loads up to 3/4 failing 
load. The moan values of these stresses for three differ- 
ent load increments are plotted against the stiffeners in 
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figure 20. The stress distribution, according to the ele- 
mentary "beam theory for all load increments and assumedly 
fully supporting skin, was also included for comparison. 
Comparison of the theoretical and experimental results 
disclose that under slightly exceeded "buckling stress of 
the skin - the first skin "buckles appeared at around 630 
mkg "bending moment - the real stress condition is still 
fairly obtained by the elementary "beam theory if a fully 
supporting skin is assumed, while at the higher load 
stages the compression zone manifests appreciable differ- 
ences. But with the more accurate method of the apparent 
width, the values for the highest load increment are in 
good agreement with the experimental values. The simpler 
method of maintaining the zero line of the fully support- 
ing cross section gives, at the extreme compression fiber 
stresses, about 12 percent too high compared to the ex- 
perimental values. 

d ) Reinforc ed full shell in bending with , tr an sverse 
load and torsion.- Bending with transverse load induces, 
apart from the buckles in the compression zone, oblique 
wrinkles due to the buckling of the panels as a result of 
shear, which begin in the neutral zone and, under further 
load increase, continue chiefly in the less shear-resist- 
ant compression zone (fig- 21). The formation of the ob- 
lique wrinkles creates a stress rearrangement because now 
the panel transmits chiefly tensile stresses in the direc- 
tion of the wrinkles and the compressive stresses must be 
taken up by the stiffenors. Under greatly exceeded buck- 
ling stress the stress condition due to shear can be de- 
termined according to Wagner ! s tension bay theory (refer- 
ence 23). Assuming a homogeneous distortion bay, the 
wrinkling angle a to the longitudinal direction is for 
the curved Danel obtained from (reference 24): 
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arc length b curved about the x~axis corresponds, after 
smoothing, to a flat sheet of height b, which prior to 
shear loading had been contracted through wrinkling in 
transverse direction for the difference between arc and 
chord. In the circular cylinder the "wrinkling" is approx- 
imately (reference 24): 




The principal stress in the tension bay becomes: 

Or = 1 + w 

sin a cos a 

the normal stress in longitudinal direction: 

r n = TCota+(T 2 
and the normal stress in circumferential direction, 

cr v - t tan a + <j Q 

The stress condition is first ascertained with an es- 
timated value of the wrinkling angle and then progressively 
improved by insertion of the value found in the preceding 
step. The still undetermined principal stress ^ 2 trans- 
verse to the direction of the wrinkles must be allowed for 
by an assumption (reference 25). The simplest way is to 
disregard a 2 altogether as on the flat-plate beam. But 
this simplification as applied to the curved panel is less 
favorable on account of "the generally less exceeded buck- 
ling load than for the flat panel. However, in place of 
cr 2 = 0 , the principal stress cr 2 during the subsequent 
load increase may be assumed as regards magnitude constant- 
ly equal to its value CT. v at the instant of buckling 

t. , A. 

or, when computing the stress condition in the tension 
bay, simply consider the excess of the load beyond the 
critical on buckling; i.e., for instance, under pure shear 
bending, utilize only the difference (t - T-)* 

As proved by experiments the formation of a complete 
tension bay after buckling is no sudden process, but rath- 
er a gradual change from pure shear into pure tension bay 
(reference 26). As a result, the stiff ener and bulkhead 
stresses attain to their full value only after the buckling 
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load has "been substantially exceeded. This zone of tran- 
sition of the "incomplete tension hay" is of particular 
importance for the stiffened shell with shear loaded curved 
panels, as in most cases failure occurs "before the tension 
"bays are completely formed. Besides, the shear stiffness 
of the panels in the transition zone is necessary for com- 
puting the strain condition of the shell. Schapitz treats 
the stress condition of an incomplete tension "bay under 
shear and compression (reference 27). 

The transverse load in the stiffeners of a cylinder 
(fig. 11) produces additional compression loads due to the 
longitudinal stresses a n of the complete tension hays: 

A Li = | (hi si a n?i + b i+1 Bi+i a n5 i +1 ) 

These additional compression loads are further supplement- 
ed as a result of the tension "bays through the deflection 
of the tension wrinkles at the stiffeners "by inward radial 
loads q r and under unequal stress or observation of ad- 
jacent bays by tangential loads q u , which are defined 
through the circumferential stresses 0" u of the tension 
bays* In the circular cylinder with stiffeners of not too 
great spacing h it is: 

/ L n s "b 

*r,l = (a u,i + a u,i+i j 2r 

<*u f i = (<% f i - ffu,|i+i) s 

These additive loads strain the stiffeners in hending, 
and their support loads the "bulkheads in hending and com- 
pression. The radial loads increase toward the neutral 
zone; for that reason if the shell is stressed in hending 
and transverse load, the compression-bending stress of the 
stiffeners nearer to the neutral zone may become more seri- 
ous than the compressive stresses of the stiffeners in the 
extreme compression zone. 

The stress distribution in bending with transverse 
load on the cylinder illustrated in figure 22, was estab- 
lished through various stress measurements. The loading 
was effected as a concentrated load applied at the stiffen- 
er ring of the free end. The stresses were measured on 
all stiffeners in three sections at the same load incre- 
ment (fig. 22), and in a further section at three different 
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load stages as well as for a pure "bending moment corre- 
sponding to the highest load stage (fig. 23). The diagrams 
give the averages of the measured stresses for three test 
stations each of the two symmetrical stiffeners and the 
computed values with and without allowance for the com- 
pression stresses created "by the tension hays. These addi- 
tive stresses were computed from the excess (t - t^) on 
the assumption of a complete tension hay as follows: The 
norr.:al force in the i** 1 tension hay in longitudinal direc- 
tion is 

^1 <* %,i k * = C T i - T k,i) cot cci h s 

The critical shear stress t v -? is expressed in every hay 

with the relevant value of the comhined tensile and com- 
pressive stress (section II, 4, c). 

In the individual bays of the formulas for the wrink- 
ling angles a, the mean values of the stresses (J x and 
of the op-oosite side members due to bending and addi- 
tional stress through the tension bays, were introduced. 
For the bending stresses we assumed at the stiffeners the 
effective sheet strips resulting under pure bending, while 
for the additive stresses, only the strip between the two 
rivet rows of the hat section was added to the section of 
the stiffener. In the transverse elongation e y the com- 
pression of the bulkheads and the mean deflections cf the 
stiffeners due to radial loading q r were also allowed 
for in addition to the wrinkling effect. 

OEfcte tension loads of the panels are balanced by 

the compression loads of the stiffeners. By immediate 
balance of the unlike loads Nj in the different bays in 
the adjacent stiffeners, the end sections would have to be 
able to warp, which the stiff end rings, however, prevent. 
For this reason the resultant normal force of the loads 
Hj[ is evenly, and its moment with respect to the center 
of gravity of the stiffeners (without covering) rectilin- 
early, distributed over it. Then the additional stress of 
the i** 1 longitudinal flange becomes ( cf . section II, 3, a): 
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These stresses were superposed on those 



m m y i 



due to "bending moment alone,, i.e., without tension "bay ef- 
fect. 

The comparison of the stresses in figure 22 shows 
that the recorded stresses lie on the average "between 
those computed with and without tension "bays. In the ex- 
treme compression zone they approximately reach the value 
of the tension bay theory; in the extreme tension zone 
they come nearer to the value of the elementary "beam theo- 
ry. The section V at the point of load' application , as 
well as section I at the point of fixity, manifested a 
distinct S motion, which is not quite so pronounced on 
the test values of the middle section, ■ This is attributa- 
ble to the supplementary stresses set up in the rigid end 
rings as a result of the restrained warping. The warping 
without the end rings, as a result of the transverse load, 
follows from the lessened shear stiffness of the tension 
bays in the neutral zone. (Of. section II, 2, b.) 

The stresses (fig. 23) recorded in section II in bend- 
ing with transverse load arc in good agreement with the val 
ues of the elementary theory for the first load stage, 
which is slightly below the buckling load, but disclose a 
greater divergence in the compression zone as the load is 
increased, while the measurements under pure bending con- 
form to the elementary calculation even in the highest 
load stage. On the other hand, the tension bay theory is 
well complied with by the test values in the compression 
zone under transverse load and bending. In the tension 
zone the test points again approach the computed stress 
condition without tension bay influence. In short, under 
bending with greater transverse load - apart from minor 
disturbances due to restrained warping - the stresses in 
the extreme tension fiber arc accurately enough analyzed 
by the elementary bending theory and in the extreme com- 
pression fiber by the tension bay theory. 
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In pure torsion and simultaneous "bending and torsion 
of a stiffened shell, the tension "bays formed after buck- 
ling of the skin, are the same as in bending with trans- 
verse load. If the "bays are of equal size all tension 
hays are alike in pure twist (fig. 24). So the same argu- 
ments hold for the tension hay stresses and the additional 
stiff ener stresses as "before. But, while - as proved "by 
the experiments - in bending with transverse load which 
relates to an additional stiffener stress due to the ten- 
sion hays, the complete tension hay suffices as hasis of 
the calculation, this assumption creates under preponder- 
ant torsion stress in thicker shells and weaker stiffen- 
ers, greater differences "between theory and test. In this 
case an accurate calculation, evolved on the incomplete 
tension hay, is necessary. A detailed study of the stress 
condition in torsion of stiffened shells after buckling of 
the tension hays and a comparison of experimental data 
with different theories, has been made hy Schapitz (refer- 
ence 28). 

III. DETERMINATION 0? FAILING STRENGTH 
1. Failing Strength in Bending 

a) Ef fect of skin on failing strengths The load ca- 
pacity of a shell with buckling-r esi stant sheet panels and 
Stiff ener s under flexure is determined from the "buckling 
stresses 0> of its compression zone as given in section 
11,4. In a shell with "buckled sheet panels the real shell 
effect is lost, and it then becomes a system of stiffeners 
and bulkheads. If the bulkheads are of adequate stiff- 
ness, the load capacity becomes exhausted when the stiffen 
ers fail. Consequently, the buckling strength of the stif 
feners governs the failing bonding moment of such a shell* 
Depending on length and section, the failing of the longi- 
tudinals may occur in various forms: as Euler members per- 
pendicular to the skin (flexural buckling) if consisting 
of members with closed profile and great length or wall 
thickness; the buckling of members with open profile is 
associated with a simultaneous twisting (torsional buck- 
ling); if of short length or very thin walls, the closed a 
well as the open profiles manifest local buckling. Where- 
as these three buckling forms are still mathematically 
calculable if the profile is bare (no skin), the additive 
covering introduces influences on the buckling process 
which are difficult to analyze. 
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To begin with, the skin raises the stiffness of the 
section effective for the flexura.l buckling. The relevant 
apparent width b m r of the sheet is not identical with 
the apparent width b m . but follows from the longitudinal 
stiffness of the strip at the instant of buckling (refer- 
ence 29 ) : 



Since <o (fig. 15), it is b m * < b ra . Under torsion 

al buckling of the stiffeners, the skin forces a different 
point of rotation than by nonexisting skin and consequent- 
ly, increases the critical compressive stress substantial- 
ly. Aside from that, the skin - in flexural buckling as 
well as torsional buckling - forms an elastic support of 
the profile, thus effecting a further increase in its buck 
ling load. But the skin may have an adverse effect on lo- 
cal buckling unless skin thickness and profile wall thick- 
ness are markedly unlike. For in this case the buckling 
of the skin invites premature buckling of the profile. 

b ) Substitution of curved-panel com-pres eion test for 
the full shell-bending test.- In view of the described 
covering (skin) effects on the buckling process, it seems 
hardly possible to be able to ascertain the actual buck- 
ling stress of the stiffeners by purely mathematical treat 
ment. On the other hand, it is no simple matter to deter- 
mine the failing-bending moment by bending test on the en- 
tire full shell. According to the investigations of the 
preceding section, the stress condition of the full shell 
is accounted for by bending; besides, if the skin is buck- 
led, a slight influencing on the buckling stress of the 
individual stiffeners through the stress condition of the 
adjacent stiffeners, is to be expected. It is therefore 
logical for the determination of the failing-bending mo- 
ment to replace the full-shell bending test by a compres- 
sion tost with a. curved panel having a compression zone 
patterned after the full shell. It reproduces the elusive 
effect of the skin on the buckling stress of the stiffen- 
ers fairly accurately. 

One difficulty, however, encountered in curved-panel 
tests is the correct choice of support conditions and the 
length of the panel, because the stiffeners in the full 
shell are more or less elastically restrained, depending 
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on the type of attachment to the "bulkheads and the design 
of the "bulkhead section. If the "bulkheads are attached to 
the skin and the slipp ed- through stiffeners rigidly con- 
nected with them, it approximately resembles full restraint 
if the "bulkheads are tolerably torsion-resistant. But, if 
only the inner edges of the stiffeners rest on the bulk- 
head rings not joined to the skin, the stiffeners may turn 
at the bulkheads. A certain elastic restraint is active 
in this case also, because on buckling the stiffeners in 
the adjacent bulkhead sections bend alternately inward and 
outward and the elastic support of the curved skin in 
these two directions is different. 

In the chosen test arrangement of the panel compres- 
sion test, as described in II, 5, b, the stiffeners are fair- 
ly rig-idly clamped at the strong angles (figs. 26 to 30). 
Choosing the length of panel equal to the simple bulkhead 
^-pacing, it approximately corresponds to a full restraint 
of stiffeners in the full shell. To simulate the case of 
stiffeners elastically supported at the bulkheads of the 
full shell with the present panel restraint at the side an- 
gles, their length must be equal to twice the bulkhead 
spacing. But in curved shells this choice of panel length 
is somewhat too unfavorable on account of the described 
elastic support due to the skin, and also on account of 
the possible reciprocal supporting of the stiff ener sec- 
tions in the full shell. The associated clastic restraint 
and support was allowed for by riveting an intermediate 
bulkhead piece to the inside of the stiff enor sections in 
the center of the panels of twice the bulkhea,d spacing. 

In order to establish the effect of the length and of 
the restraint on the load capacity numerically, a series 
of tests was node with one short and one long panel each 
in the described manner for five different section designs. 
The shells had closed-hat sections (figs. 25, 26, and 27), 
open Z-sections (figs. 28 and 29), and open-hat sections 
(fig. 30); in two series the section height and in one se- 
ries the section sprucing and the skin thickness were var- 
ied in addition. Further data will be found in table I. 
In the first four scries, mean wall thickness s m , skin 
thickness sg , curvature radius r, and section spacing 
b were alike, thus making the findings of the failing 
tests .available for an evaluation of the best form and 
height of sections. With this in view, an additional com- 
pression test on a very short panel with open-hat sections 
but otherwise identical dimensions was made. (See table 
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I, last line.) The distance "between the centers of grav- 
ity of stiff etter attachment holts served as shell length 
I . 

The identical aspect of failure for both the short 
and long shell with the higher closed-hat sections (figs. 
25, 26, and 27) leads one to the conclusion that the length 
or restraint in these shells is of secondary importance. 
These shells failed "by starting with strictly local buck- 
ling at the flanges on which the length has no effect. 
From the mean failing stress J m ? B of the panel and the 

failing stress a T t> of the stiff eners in table I, it is 

apparent that the load capacity is the same for the short 
as for the long shell, hut not for shells with low-hat 
sections. 

Then, even the long shell discloses an a/ppreciable 
drop (13 percent) in load capacity compared to the short 
shell; and for the long shell with low Z-sections, it is 
22 percent less than for the short one. In shells with 
high Z-sections and open U -channels, the respective drop 
is 18 and 13 percent for the long shell. This greater 
droD in the load capacity for open sections is attributa- 
ble"^ to the form of failure (figs. 28 and 29). These^ shells 
fail in buckling accompanied by twisting of the sections - 
being therefore associated with the restraint of the ends 
of the members. The more pronounced effect on the short 
shell is seen in figure 28, while the intermediate bulk- 
head in figure 29 has no appreciable restraining effect on 
the twisting of the sections of the long shell. 

Based upon the compression tests, it may be stated 
that in shells with stiffener sections which fail through 
buckling - that is, particularly those with closed (not 
too compact) hat profiles, the length chosen for the com- 
pression test is of no concern, whereas it has a notice- 
able effect on the load capacity of shells with stiffener 
sections which fail in flexural and torsional buckling, 
particularly, those having short open profiles. For ^ such 
shells the choice of panel length lies between the single 
and double former spacing, depending on the bond of the 
stiffeners existing in the full shell. 

c ) MeJ;ho d_of _f ai 1 • ~ 

There are "two ways" of computing the failing-bending moment 
by means of the failing stress of the panel from the com- 
pression test: First, by computing the mean compression 
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stress CJ a | of the panel on failing under the assumption 

of a fully . support ing section and multiplying this "by til 6 

section modulus ¥ of the fully supporting section of the 

full shell* This gives the bending moment at failure: 

Bv sa flr 7« In the second case, we resort to the effec- 
li. in | jj 

tivc width h m and determine the failing stress (Tj, j of 

its stiffeners at the instant of failure of the panel, 
multiplied "by the section modulus TP of the full shell 
with allowance for the unlike effective widths at the in- 
dividual stiffeners in "bending. It gives the ultimate 
"bending moment: B k ! = ctt 3 1 . Rather than computing the 

failing stress cr T -» with the aid of the apparent width, 

the stiff ener stress in the panel test can, of course, also 
he measured as near to failure as possible, and then ex- 
trapolated to failure. The ultimate "bending ohtained "by 
the first method is lower than that "by the second, since 
only the smallest apparent width existing at the extreme 
compression fiber of the bent full shell is involved. The 
first method is therefore on the safer side quite apart 
from being much more simple since it affords the apparent 
width direct without making the tedious calculation of the 
section modulus TP necessary. 

The bending moment at failure in bending with trans- 
verse load can equally be obtained from a panel test. In 
a cylinder with restrained end warping (figs. 22 and 23) 
the compressive stresses of the stiffeners in the full 
shell (a L + A cr L ) due to bending and additional stress 

through the tension panels (of. section II, 5, d) must not 
exceed the failing stress ov ■« established in the panel 

compression test. For the first method the stress A OV, 

of the extreme stiffeners must be reduced to the mean fail- 
ing stress, which then affords as supportable bending mo- 
ment by simultaneous transverse load: 

/ ZF T + n b s ^ 

where 2 is again the total stiff ener section and n 

the number of skin panels. The second method gives at 
once : 



B k ! = ( a L,3 ~ A a L) W * 
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Under greater transverse load or different shell-end 
stiffening, however, the "bending loads q may , as a re- 
sult of the deflected tension "bays, stress other stiff en- 
ers in the compression zone more unfavorable than the ex- 
treme ones. In this case the panel test must include oth- 
er than the compressive loading a transverse loading. 
(Of* section 111,2.) 

As a check on the two suggested methods, and for com- 
parison of the ultimate "bending moments attainable for 
different section design "but equal weight, a series of 
"bending tests with and without transverse load were car- 
ried out on three circular cylinders of the dimensions 
given in table II. The loading ■ arrangement was the same 
as for the stress measurements (fig. 19). The photographs 
of the cylinder failure (figs. 31-34) resemble those for 
the corresponding panel failure (figs. 25-30), with the 
exception of the more pronounced deflection of the stif— 
feners of the full shell with Z-sections (fig. 33) in the 
first panel in contrast to that of the full shell with 
open-hat sections (fig. 34). The reason for this is that 
the :~irst cylinder is stressed in bending with transverse 
load and consequently, stressed more severely in the first 
panel than in the others. In this case the first panel 
is visibly restrained through the second panel which is 
not loaded to failure. 

The ultimate bending moment in the full-shell test 
measured in pure bending and in bending with transverse 
load, is given in table II. It is readily apparent that 
the full shell with open Z-scctions supports in bending 
with transverse load about 10 percent higher bending mo- 
ment than in pure bending, as the result of the above- 
mentioned restraining effect. In the full shells with hat 
sections which largely failed in buckling, this restrain- 
ing effect is of no influence on the failing stress, so 
that the ultimate bending moments are approximately alike 
in bending with or without transverse load. The compari- 
son of the cylinders of equal weight discloses the cylin- 
der with closed stiffened profiles to be superior to the 
other two cylinders with cpen stiffener profiles as far as 
bonding strength is concerned. The failing stresses 0" B 
and Ol b agree with the values for the relevant panels 
in table I (scries 1, 3, and 5). 

On comparing the theoretical and experimental ulti- 
mate bending moments, it will be found that the first, 
simpler method affords .sufficiently accurate failing val~ 
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U68 for the first two cylinders, "but falls short "by about 
14 percent for the third cylinder* The second method gives 
the correct value for the third cylinder, hut slightly too 
high values for the other two cylinders when compared with 
the pure bending figure for the first cylinder. On the 
other hand, the computed value for bending with transverse 
load is in agreement with the experimental figure. The rea- 
son for the underestimated load capacity of the third cyl- 
inder, is due to the greater sectional proportion of the 
skin (s a 0.5 instead of 0.4 millimeter), as a result of 
which the incorrectly presumed effective width made itself 
more n o t i c e ah 1 e • 

2. Failing Strength Under Twisting and 

Combined Bending and Twisting 

The tension bays under twisting subject the stiff en- 
ers of the full shell to compressive loads and distributed 
radial loads whose support loads must be taken up by the 
bulkheads. If the bulkheads are . sufficiently rigid, the 
failure may take place through flexural buckling of the 
stiffeners between the bulkheads. The whole system buck- 
les below a certain bending stiffness of the bulkheads. 
Lastly, failure may occur through local collapse of the 
longitudinals or of the bulkheads as, for instance, at the 
points of load application. 

Whether or not the radially loaded bulkheads are stiff 
enough to force the stiffeners into buckling between the 
bulkheads, can bo ascertained by disregarding the clastic 
support of the stiffeners due to the skin in the following 
manner: In order to avoid buckling in the circular plane 
of a circular ring of radius r under uniform inwardly 
radial load p, its minimum flexural stiffness must be: 

pr 3 

EJ R 1 m (reference 30) 

To insure Eulerian buckling of the longitudinals be- 
tween the rings at spacing a in an axially loaded system 
of members of length" I which, without skin, consists of 
a number of longitudinals and rings, a minimum bending 
stiffness of the ring of 

W = I C 1 + cos t) f! ej l 
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is required, if EJV is the radial bending stiffness of 
all stiff oner s. The rings in the radially and axially 
loaded system are rigid enough to force the longitudinals 
to Hucklo between the rings if they have a minimum bending 
stiffness of 



Owing to the influence of the skin, the purely mathe- 
matical treatment of the buckling- bending strength of the 
stiff ener s in twisting is beset with the same difficulties 
as the determination of its buckling strength under bend- 
ing. But here also, it is possible to obtain the buckling 
strength with allowance for skin effect from panel tests. 
The panels are then to be simultaneously stressed under 
the axial compression L and a lengthwise distributed 
transverse load Q,. The loads to be taken up by the stif- 
f ener s alone are obtained from the tension-bay theory. 
(Of. section 11,5, e.) The choice of panel length follows 
the same arguments as for the pure compression test (cf. 
section 1 1 1 , 1 , b ) , although for panels of double bulkhead 
spacing the intermediate bulkhead must be support to take 
the be&ring pressure of the transverse load. The load 
ratio X = L/Q depends on the wrinkling angle a and 
consequently, on the load stage d] that is, the ratio of 
effective twisting moment T to the twisting moment T 0 
at the instant of buckling of the skin. This means that 
X must be modified continuously in the test as the panel 
load is increased. If d-g is the load stage at failure, 
then the sought-for critical twisting moment becomes: 
T = $ t If the buckling load has been exceeded consid- 
erably (tf > 10), it is advisable to compute the load ra- 
tio X on the assumption of a complete tension bay; if 
little exceeded, by assuming an incomplete tension bay. 
With complete tension bays the respective loads L and Q 
apportioned to a stiff ener between two bulkheads of spac- 
ing a, are: 



EJ R = EJ R ! + EJ R 
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To appraise the discussed calculation method as well 
as to compare several designs of the same weight, the cyl- 
inders compiled in table II were subsequently subjected to 
twisting tests. The loading was effected on the same test 
rig (fig* 19), the device for a/pplying a pure twisting mo- 
ment being shifted 90° • Figures 35-37 illustrate the 
failures of the three investigated cylinders. In every 
case the stiff eners failed in flexural buckling. On the 
cylinder with Z- sections (fig. 35), it was accompanied by 
twisting of these sections; on the cylinder with closed- 
hat profiles (fig. 36), by local buckling of the channel 
flanges; and in the last cylinder (fig. 37), by spreading 
or contraction of the open-hat profiles accompanied by 
buckling of the back of the profile. The recorded critical 
twisting moments are compiled in table III. Of the three 
shells of identical weight, the one with closed profiles 
manifested under twisting - much more even than in bending - 
the greatest load capacity. 

On comparing the theoretical and experimental criti- 
cal twisting moments of the second and third cylinders, 
it is found that the premise of complete tension bay af- 
fords a good agreement between theory and test for the 
thin-walled cylinder (0.4 mm) stiffened with closed-hat 
profiles, while the calculation evolved on the basis of the 
complete tension bay for the cylinder of 0.5 mm thickness 
and open-hat profiles, falls short by about 14 percent and 
is too high by 8 percent for the incomplete tension bay. 
The coi.ipr es sion-bending tests on the panels patterned after 
the second and third cylinders were made for a shell length 
equal to single bulkhead spacing; the ends of the panels 
were clamped in the rigid angles (figs. 25-30) as in the 
compression test. This arrangement is somewhat too favor- 
able for panels with o-oen-hat profiles for reasons given 
in III,l,"b (of. table V, column 5), which explains the 
discrepancy between theory and test of the third cylinder 
by complete tension bay. 

The cylinders given in table II wore subsequently 
tested under combined bending and twisting for different 
B/T ratios. Figure 38 illustrates the failure of such a 
test. The B and T values existing at the instant of 
failure are shown in figure 3S , plotted against the respec- 
tive failing moments 3 0 and T 0 of different cylinders 
in pure bending and pure twisting. Apart from the test 
point of cylinder III, the others lie on or between the 
P lo 1 1 cd curve s : 




for n 



= 2 



and 



n 



= 3 
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Accordingly, with predetermined failing moment in 
pure "bending and pure twisting, it is approximately possi- 
ble to predict the failing moments for combined bending 
and twisting. The departure of the test point of cylinder 
III is due to the fact that this cylinder was subject to a 
greater preliminary stress than the others. 

In view of the scarcity of experimental data, the 
method should be applied with some caution. 

3, Effect of Section Design on 
the Compressive Strength 



Since, in view of the discussed experiments, the load 
capacity of a full shell stressed in bending, is primarily 
contingent upon the compressive strength of its compres- 
sion zone, it is possible to ascertain the best sectional 
design of the shell for equal weight on the basis of panel 
compression tests. For this purpose a large number of 
tests were made in the DYL, of which taMe III gives some 
typical re suit s . 

The individual groups of panels differ in circumfer- 
ential weight distribution, for which the mean wall thick- 
ness B m serves as criterion; panel curvature and length 
in the different groups were also unlike. The distribu- 
tion of the section over skin and stiff eners was also var- 
ied. The most important result of the compression tests 
is the following; The greater the cross-sectional propor- 
tion of the stiffeners (F L /b) the greater the load ca- 
pacity of the shell given through the mean failing stress. 
The smaller the mean^wall thickness s m , the more pro- 
nounced the difference in shell load capacity with greater 
or lesser share of the stiffencrs. So from the point of 
view of static strength, it is advisable - particularly, 
with the thin shells usually employed as shell bodies - 
to strive for minimum skin thickness, in order to attain 
strongest possible stiffeners with high buckling stresses. 
Heavy shells, less frequent as shell bodies than as shell 
wings, are, on the other hand, less responsive to cross- 
sectional distribution. Increasing the stiffener spacing 
of thin shells, should enhance the load capacity; this, 
while it would somewhat lover the load capacity of the^ 
skin, would, on the other hand, benefit the load capacity 
of' the stiffencrs, which then could be designed to resist 
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"buckling and "bulging to a greater extent, so long as the 
failing strength of these stiffeners does not come too 
close to the yield point. But the stiffener spacing is 
upwardly limited insofar as no bulging of the skin is 
permissible under operating condition, A fifth or sixth 
of the failing load is usually considered the lower lim- 
it for the "bulging load of the skin. To this must "be 
added, if the shell has a marked curvature, that wide 
stiffener spacing promotes comparatively deep wrinkles. 

The whole test series attests to the extent of at- 
tainable failing strength with increasing mean wall thick- 
ness. The rise is substantially slower in the range of 
greater c n , because the failing stress of the stiffen- 
er s gradually approaches the yield point, beyond which no 
further increase is possible. The effect of section form 
is seen from a comparison of the series 1, 3, 5 of group 
1, with scries 1 and 3 of group 2; however, it must be 
borne in mind that in longer shells the differences in 
falling strength of shells with open and closed profiles 
become even greater. (Of. tabic I.) 

The effect of shell curvature already apparent from 
ti>c last columns of table III, was separately investigat- 
ed on three different shell forms (fig. 40) and s n = 0.75 
mm mean wall thickness. From the test data it becomes ap- 
parent that increasing the curvature of the skin of thin- 
walled (0.4 mm) shells with open profiles, does not in- 
crease the load capacity. Contrariwise, the same shells 
(of 0.4 mm wall thickness) but with closed profiles, as 
well as the thicker shells (0.5 mm) with open profiles, 
disclose a greater rise in failing stress. The explana- 
tion for this lies with the greater effective width of 
the skin of the last two shells. The ensuing greater load 
absorption of the skin makes its curvature more noticea- 
ble than before. The three tests of the second series 
were made under the following conditions: The stiff eners 
of the first shell rested only partially on the angles, 
while in the other two shells the stiffeners rested 
throughout on the angles. The experiments bring out the 
effect of the different load applications. 

Prom the greater rise in load capacity of the shells 
with thicker walls by increasing curvature, it follows 
that the equivalence of thi ck-wall ed shells of shallow 
curvature, with respect to such with thin skin and great- 
er curvature, is reached so much sooner under increasing 

circumferential load v> = s„ (T w -d as the shell curvature 

m n , b 
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is greater, Wagner (reference SI ) gives as decisive limit 

value: * a 25 kg/ cn 2 , which value is approximately 
reached "by the more curved shell in the last column of 

table III (2 = 19 teg/ ca 2 \ 
\r / 

In conclusion, we give the result of some studies on 
the effect of profile "beading on the failing strength 
(table IV). The test panels were of equal mean wall thick- 
ness (s m = 0»?5 mm) curvature radius, length of shell 
and spading; the stiffeners were Z-sections of 0.79 mm 
thickness in the first, and of 1.20 mm wall thickness in 
the other group, the stiffeners of the first group being 
1) "beaded on "both flanges, 2) at the flange touching the 
skin, 3) only at the flange not touching the skin, and 
4) plain flanges without heading. 

In the second group, "both flanges were headed and 
then left plain (without heading). The result expressed 
in terms of mean failing stress is to the effect that in 
the thin-walled sections of the first group, especially 
the "bead on the skin side, is important; a shell with such 
headed sections has the same load capacity as the shell 
with sections headed on both sides. The shell with sec- 
tion headed on the non-touching flange can carry no great- 
er load than the shell with plain (not headed) sections. 
The head in such shells has "the important task of protect- 
ing the section against bulges of the skin which otherwise 
promote premature "bulging of the thin-walled stiffeners* 

In contrast with this, the shell with thick-walled 
stiffeners manifests no substantial effect of the heading. 
The panel fails in lateral buckling accompanied by twist- 
ing of the stiffeners. This precludes premature bulging 
:lue to skin wrinkles. As concerns the tendency of the 
stiffeners to bulging through the skin, the rivet spacing 
is also without influence. 



Translation by J $ Vaiiicr, 
National Advisory Committee 
for Aeronaut i cs . 
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Table I 

Effect of length of panel, of profile form and height on the 
load capacity in compression. 



•h L 



8m =0,75; s// = 0,4; 

and sh = 0,5; 



6=140; r = 400 mm. 

b = 2i<) mm at series 5. 



0) 



Section 



32 



4-H 




3 



3 




1 



340 
700 



340 
700 



340 
700 



340 
700 



340 
700 

340 



7,1 
7,1 



4,9 
4,9 



6,4 
6,4 



7,6 
7,6 



7,5 
7,5 

7,5 



kg/cm' 



1320 
1300 



1210 
1055 



1220 
950 



1430 
1175 



980 
860 

1140 



kg/cm« 



1820 
1880 



1830 
1590 



1840 
1500 



2370 
1950 



1850 
1650 

1760 



Table IV 

Effect of section "bead on the load capacity of panels 
in compression. 



s„. = 0 ? 75 r = 400 f = 340 6 = 140 [mm] 



"i'/ffeners 


thick- 
ness 


Wo// thick- 
ness of 
stiff en er 


Mean fa/Z- 
ing stress 


Type of fa/ /are 




mm 


mm 


kg/cm' 




"U 


0,35 


0,79 


850 


Collapse of flange 


"U 


0,35 


0,79 


860 


M M M 


'Li 


0,35 


0,79 


650 


" || '' 


TJ 


0,35 


0,79 


670 


it ' • " 


TJ 


0,40 


1,20 


990 


Bulging and twisting 




0,40 


1,20 


920 





Table II 

Buckling and failing moment in bending and torsion, theoretical and experimental. 



Sec /-/on s/cefc/i 




Section F = 18.7cm 2 
Section modulus for: 
fully supporting skin 
W = 36?cm 3 

partially supporting 
skin *• = 255cm 3 



Bend- 
ing 
mo - 
merit 
under 
buck- 
ling 
of 
skin 



Bn 



kgcm 



62 7oo 




Section P = 18.2cm 2 
Section modulus for : 
fully supporting skin 
W = 356cm3 

partially supporting 
skin 279cm 3 




W\ J Section f = 18.7c»3 



Section modulus for : 
fully supporting skin 
W ^ 367cm 3 

partially supporting 
skin W'=243cm3 



m 8oo 



KiQon failing 
stress 
of 



pone I 



in (•m- 



89 000'' 



4)50 



rjdges 



U tffmote bending moment 
of fu/t she if 



Compufeaf 

according to 



kg/cm 1 



-1500 



1320 



nW 



kgcm 



360 000 



1820 484 000 



Measured 

under 



Pure 
bend- 
ing 



kgcm 



380 OOO 



508000 



kgcm 



Bend- 



ing and ling 



trans- 
verse 
toad 



kgom 



S47000 



487 000 



1050 340000 405 000 1397000 



380 000 

«?- 
1450kg) 



Twist- 
ing 
mo- 
ment 

on 
buck- 



et 
sk in 



Com 
p/ete 
tension 
boy 



kgcm 



31 200 



Ultimate twisting 
moment of full 
sne/f 
Com puted for 



kgcm 



fncom 
p/ete 
tension 
boy 



kgcm 



497 000 

(Q = 
1 870kg) 



22 200 



310 000 



meas- 
ured 



kgcm 



108 500 



318 000 



407 000 53 400 1 08 000 : 250 000 
! 1530kg), 



307 000 



231 000 



Table III 

Effect of section distribution on the load capacity of panels in compression. 



ftodius 
length 


Section 


Mean wo/I 
thickness 

Sin 


Skin 
thickness 

s 


Section pro- 
portion of 
stiff eners 

F,.jb 


Spacing 

b 


Buckling 
stress 


Meon fail- 
ing stress 


Foiling stress 
of stiffeners 






mm 


mm 


mm 


mm 


kg/cm 1 


kg/cm« 


kg/cm 1 


CO 




0,75 


0,4 


0,35 


140 


210 


1220 


1840 


II 

8 

II 




0,75 
0,75 
0,75 
0,75 


0,6 
0,4 
0,5 
0,4 


0,15 
0,35 
0,25 
0,35 


140 
140 
210 
140 


290 
210 
250 
230 


630 
1140 

980 
1320 


1010 
1760 
1850 
1820 


§ 

CO 

1 




1,1 
1,1 


0,55 
0,70 


0,55 
0,40 


104 
104 


500 
1000 


1910 
1400 


2600 
1510 






u 


0,50 


0,60 


104 


430 


1630 


2000 






M 


0,75 


0,35 


156 


665 


1230 


1600 


f 




2,3 


0,50 


1,80 


104 


830 


2450 


2750 






2,3 


1,50 


0,80 


104 


2200 


2230 


2330 






2,7 


1,0 


1,70 


105 


720 


2020 


2400 


II II 




2,7 


1,2 


1,50 


140 


800 


1880 


2200 
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Figure 3.- Center section with Figure 4.- Heinkel shell body 

main bulkhead of a showing cabin. 

Heinkel type shell body. 
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Figure 6.- Junkers type shell 

body with four 
reinforced stiffeners. 
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/c.9. 

M Shear center 
t~rs Shear- fhw 



Figure 9«- Section of a plain 

shell (no stiffeners) 




Figure 11.- Shell with 
stiffeners (symbols). 




Figs. 9,10,11,12,13, 14 

p 0 \* \f*??'°' L - 




Figure 10.- Sectional view of stress 

distribution in a 
tapered shell under bending. 




force group 



force groitpXc 



Figure 12.- System and axial 
load groups X in 
a two-way stiffened shell 
with 6 flanges. 




Figure 14.- Effective width. 



Figure 13,- Stiffened panel under 
compression and shear. 




°1 5 10 SO 100 Oi /i ) z SOO 1000 

4® T'f' 
Figure 15.- Effective width of flat sheet 
according to test and various 
theories. 




Figure 18.- Computed 

and re- 
corded effective 
width of curved sheet 
with closed-channel 
stiffeners. 



35 rm tgfon* m 




Figure 17.- Computed and recorded 

effective width of curved 
sheet with open stiffeners* 




Stress meosured ^ 



Stress computed by ossoming 
afu//y supporting sheet, 
an effective »v/oYAff M« 
Exact method 
SimpJ/'t/ed " 



sheet. 



Figure 20.- Computed and recorded stresses 
of a circular cylinder in 
pure bending. 
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Figs. 16,19,21,24 




figure 19.- Rig for testing a circular 
cylinder -under pure 
bending. 



Figure 16.- Panel with 

clamping 
angles and test stations. 




Figure 21.- Wrinkling under bending 
with transverse load. 




Figure 24.- Wrinkling under twist. 
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Figs. 22, 23, 39, 40 
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Figure 22.- Computed and recorded 
stresses on different 
cross sections under bending with 
transverse load. 




Figure 39.- Proportions 

of the 
failing moments under 
tending and twist. 



• FcrB - 832 kgm ; Q- 850 kg \ 
c n B -2080 » ,0-2Zf» [stresses 
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Figure 23.- Computed and recorded 

stresses in cross 
section I under bending with 
transverse load and under pure 
bending at different load stages. 
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Figure 40.- Mean failing 

stress of 
panels versus curvature. 
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Figs.25,26,27,28,29,30 




Figure 25.- Failure of panel with Figure 26.- Failure of panel with 

closed-hat channels closed-hat channels 

under compression (inside view). under compression (Qutside 






Failure of panel with 
Z-sections under comp. 



Figure 27.- Failure of panel of 

double length and 
closed-hat channels under compression. 




Figure 30.- Failure of panel with 
open-hat channels under compression. 

Figure 29.- Failure of panel 
double length and 

Z-sections under compression. 
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Figs. 31,32,33,34 




Figure 31.- Failure of full shell 

with closed-hat 
channels under bending with 
transverse load (inside view). 



Figure 32.- Failure of full shell 

with closed-hat 
channels under bending with 
transverse load (outside view). 





1 Figure 33.- Failure of full shell 
with Z- sect ions under 
bending with transverse load. 



Figure 34,- Failure of full shell 

with open-hat channel S| 
under pure bending* 
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Figure 38.- Failure of full shell 

with open-hat channels 
under "bending and twist. 



